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Abstract – The quadratic diophantine equation with three 

unknowns represented by 222
17zyx   is analyzed for 

finding its non-zero distinct integral solutions. Different 

patterns of solutions of the equation under consideration 

are obtained. A few interesting properties among the 

solutions are presented. 

Index Terms – Ternary quadratic equation with three unknowns, 

integral solutions, polygonal numbers and pyramidal numbers. 

1. INTRODUCTION 

The quadratic diophantine equation with three unknowns offers 

an unlimited field for research because of their variety [1-3]. In 

particular, one may refer [4-19] for quadratic equations with 

three unknowns. This communication concerns with yet 

another interesting equation 222 17zyx  representing 

homogeneous quadratic diophantine equation with three 

unknowns for determining its infinitely many non-zero integral 

solutions. A few interesting properties among its solutions are 

given. Also, formulas for generating sequences of integer 

solutions based on its given solution are presented. 

2. NOTATION 
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3. METHOD OF ANALYSIS 

The ternary quadratic diophantine equation to be solved for its 

non-zero distinct integral solution is 

        
222 17zyx                                    (1) 

Different patterns of solution of (1) are presented below. 

3.1.PATTERN- I 

Write 17 as 

  ii  4417
            (2) 

Assume                                             

22 baz                  (3)                                                                                                          

where a, b are non-zero distinct integers. 

Using (2) and (3) in (1), we get 

   22222 44 baiiyx                                                                                                                  

Employing the method of factorization, we have 

        22
44 ibaibaiiiyxiyx   

Equating the positive and negative factors, we get 

        24 ibaiiyx                         (4)                                                                               

      24 ibaiiyx                       (5) 

Equating the real and imaginary part either in (4) or (5), we 

get 

  abbabax 244, 22 

       
  abbabay 8, 22 

                                                         (6)
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Thus (6) and (3) represents non-zero distinct integral solutions 

of (1) 

 

PROPERTIES : 

     082,, 6,,4

22  aa Cptaazaay  

       0581,1,1, ,4  aa GNotaazaayaax  

    aaxaaz ,,9  is a perfect square. 

         01042,,, 6,,4

2

,4

222  aaa Cpttaazaayaax  

     0,, ,4  ataazaay                                                                               

 

REMARK:  

Write 17 as 

  
  ii 414117 

                                      (7)                                                                                         

where a, b are non-zero distinct integers,  

Using (7) and (3) in (1), we get      

   22222 4141 baiiyx                                                                                      

Employing the method of factorization, we have 

        22
4141 ibaibaiiiyxiyx   

Equating the positive and negative factors, we get 

      241 ibaiiyx                                        (8)                                                                                                              

      241 ibaiiyx                                            (9)                                                                                                

Equating the real and imaginary part either in (8) or (9), we 

get 

 
 

  









abbabay

abbabax

244,

8,

22

22

                                (10)

                                        

 

Thus (10) and (3) represents non-zero distinct integral 

solutions of (1) 

3.2.PATTERN II 

Observe that (1) is written  as 

2222 16 zzyx                                                                                                                                                                                                                                                 

0,
4

4
















zx

yz

yz

zx
                             (11) 

which is equivalent to the system of double equations 
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04

zyx

zyx





                                    (12)

 

Solving (12) by applying the method of cross multiplication, 

the corresponding non-zero distinct integral solutions to (1) 

are obtained as 

   244, 22 x  

   8, 22 y  

  22,  z  

 

PROPERTIES :  

     0323,1,1 ,4   prtzx  

   041, ,4,10   tprtx  

     0341,1,4   prxy  

     01,1,4 ,4,70   tprtxy  

   02, ,4   tz  

 REMARK: 

In addition to (11), (1) may also be expressed in the form of 

ratio as 

0,
4

4
















zx

yz

yz

zx
 

Following the procedure as presented above, the 

corresponding non-zero distinct integral solutions to (1) is 

given by 

   244, 22 x   

   8, 22 y  

  22,  z  

3.3.PATTERN III 

Introducing the linear transformations 

wzvuyvux 2,,                                    (13)           
in (1), it is written as 

222 34wvu                                                     (14)                                                                                             

Assume  
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22 dcw                                                            (15)

                                        

    ii 535334                                               (16)                                                                                       

Substituting (15) and (16) in (14), we get 

        22
5353 idcidciiivuivu   

Equating the positive and negative parts, we get 

    253 idciivu                                        (17)                                                                               

    253 idciivu                                        (18)                                                                                 

Equating the real and imaginary parts either in (17) or (18), 

we get 

 

  









cddcdcv

cddcdcu

655,

1033,

22

22

                                 (19) 

Substituting (19) and (15) in (14), the corresponding non-zero 

integral solution to (1) are given by 

  cddcdcx 688, 22   

  cddcdcy 1622, 22   

  22 22, dcdcz     

PROPERTIES: 

     041,1, ,4,18  ddd tprtddzddy  

       0413131,1,1, ,18,4  ccc prttczcycx  

     06820,1,1 ,4  cc prtccyccx  

  1,16z is a nasty number. 

     0164,, 6,,4

22  cc Cptcczccy  

REMARK:  

Write 34 as  

    ii 353534                                              (20)                                                                                                                                                                                                           

Substituting (15) and (20) in (14), we get 

        22
3535 idcidciiivuivu   

Equating the positive and negative parts, we get 

    235 idciivu                                        (21)                                                                                  

    235 idciivu                                         (22)                                                                                                                              

Equating the real and imaginary parts either in (21)or (22), we 

get 

 
 

  









cddcdcv

cddcdcu

1033,

655,

22

22

                                (23) 

Substituting (20) and (23) in (14), the corresponding non-zero 

integral solution to (1) are given by 

  cddcdcx 488, 22   

  cddcdcy 1622, 22   

  22 22, dcdcz                                             

3.4.PATTERN  IV 

Introducing the linear transformations, 

    
wzvuyvux 2,, 

                                  (24)                                                                                                                                          

in (1), it is written as      

2222 925 vwwu    

(1) can be written in the form of ratio as 

     0,
5

3

3

5
















wu

vw

vw

wu
                                                                

 

which is equivalent to the system of double equations 

 
 
  








053

035

wvu

wvu




                               (25)                                                                   

Solving (26) by applying the method of cross multiplication, 

the corresponding non-zero distinct integral solutions to (1) 

are obtained by 

   688, 22 u               

   1622, 22 v                                (26) 

  22 22,  w  

Substituting (26) and (15) in (14), the corresponding non-zero 

integral solution to (1) are given by 

   488, 22 x  

   1622, 22 y  

  22 22,  z  

PROPERTIES: 

      2mod010101,1,   pyx  

     06816,1,1 ,4   prtzx  
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       016,,, ,4   tzyx  

     0616161,1, ,4   tprzx  

 
     
  092

15,1,1

,4 







tGNO

syx
 

3.5:PATTERN V   

One may write (1) as 

117 222  zyx                                                (27) 

Write 1 as    

 
  

25

3434
1

ii 
  

Assume  

            22 baz                     

 where a, b are non-zero distinct integers      

 Using (28) and (3) in (27), we get        

      
2

22222

5

3434
44

ii
baiiyx




 

Employing the method of factorization the above equation is 

written as 

        
  

2

22

5

3434
44

ii
ibaibaiiiyxiyx


  

Equating the positive and negative factors we get, 

   2344
5

1
ibaiiiyx                             (29)  

   2344
5

1
ibaiiiyx                               (30)           

Equating the real and imaginary part either in (29) or (30), we 

get     

   abbabax 321313
5

1
, 22   

   abbabay 261616
5

1
, 22             

                                    
As our interest  is on  finding  integer solutions replacing   a  

by 5A and   b by 5B,  we get 

 

 

 

  














22

22

22

55,

261616,

321313,

BABAz

ABBABAy

ABBABAx

                        (31)

 

Thus (31) and (3) represents non-zero distinct integral 

solutions of (1)  

PROPERTIES: 

     016,, ,4  AtAAzAAy  

 
   

0358

612,1,1 ,4,3





A

AA

pr

ttAAxAAy
 

       032818, 6,,4

2

,4

,22  AAA cpttAAzAAx  

 
     

02938

481,1,1,

,4 



B

B

t

prBBzBByBBx
 

   01626101, ,4  AA prtAy
                                          

                 
  

REMARK:                                                                                  

Write 1 as  

  
  

25

4343
1

ii 
                                                  (32)                                                                                                                                                                                                           

Using  (32) and (3) in (1), we get 

     
5

4343
4141 2222 ii

baiiyx


  

Employing the method of factorization the above equation is 

written as  

  
 

5

43
41

2 i
ibaiiyx


                            (33)                                                                                  

  
 

5

43
41

2 i
ibaiiyx


                            (34)                                                                                                                              

Equating the real and imaginary parts either in (33) or (34), 

we get 

    abbabax 321313
5

1
, 22 

 

 
   abbay 26

5

1
,   

As our interest  is on  finding  integer solutions replacing   a  

by 5A and   b by 5B , we get 
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22

55,

261,

321313,

BABAz

ABBAy

ABBABAx

    
 

 GENERATION OF SOLUTIONS:
 

In this section, we obtain general formula for generating 

sequences of integer solutions to (1) based on its initial 

solution.      

Formula: 1   

Let  000 ,, zyx be the initial solution to (1) 

Let  111 ,, zyx  be the second solution of (1) where   

 hzzyhyxhx  010101 ,3,3             (35) 

be the first solution to (1), where h is the non-zero integer to 

be determined. 

Substituting (35) in (1) and simplifying, we get 

 000 6634 yxzh   

Substituting (36 ) in (35),  the second solution is obtained as   

 0001 1021817 zyxx   

 0001 1021718 zyxy   

 0001 3566 zyxz   

Expressing the above equations in the matrix form, we have  
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where   



















3566

1021718
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M  

Repeating the above process, the general values of x,y and z 

are given by  

 





















































0

0

0

2

1

1

1

2

2

2

z

y

x

M

z

y

x

M

z

y

x

  

Repeating the above process, the general solution  nnn zyx ,,

of (1) based on  000 ,, zyx  is given by 
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n        ⇒

      
   

0001 17
2

1

2

1
zxy

y
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y
x n
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n

n
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   ⇒       
   

0001 17
2

1

2

1
zxy

y
x

y
y n

n

n

n

n
n 





  

  ⇒      0001 zyyxxxz nnnn     ,   ...2,1,0n  

in which  nn yx , represents the general solution of the pellian 

equation  134 22  xy    

4. CONCLUSION 

In this paper, we have made an attempt to obtain infinitely 

many non-zero distinct integer solutions to the equation given 

by 222 17zyx  . As ternary quadratic equations are rich in 

variety, one may search for the other choice of ternary 

quadratic diophantine equations and determine their integer 

solutions along with suitable properties. 
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