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Abstract — The quadratic diophantine equation with three
unknowns represented by x? + y? =17z is analyzed for

finding its non-zero distinct integral solutions. Different
patterns of solutions of the equation under consideration
are obtained. A few interesting properties among the
solutions are presented.

Index Terms — Ternary quadratic equation with three unknowns,
integral solutions, polygonal numbers and pyramidal numbers.

1. INTRODUCTION

The quadratic diophantine equation with three unknowns offers
an unlimited field for research because of their variety [1-3]. In
particular, one may refer [4-19] for quadratic equations with
three unknowns. This communication concerns with yet
another interesting equation x?2 +y? =17z representing

homogeneous quadratic diophantine equation with three
unknowns for determining its infinitely many non-zero integral
solutions. A few interesting properties among its solutions are
given. Also, formulas for generating sequences of integer
solutions based on its given solution are presented.

2. NOTATION

Polygonal number of rank n with size m

t = n[1+—(n_l)(m_2}
: 2

Centered Hexagonal pyramidal number of rank n
Cp,s =n°

Pronic number of rank n

Pr, =n(n+1)

Gnomonic number of rank n

S, =6n2 —6n+1
3. METHOD OF ANALYSIS

The ternary quadratic diophantine equation to be solved for its
non-zero distinct integral solution is

x* +y?=172% 1)
Different patterns of solution of (1) are presented below.
3.1.PATTERN- |
Write 17 as
17 =(4+i)4-i) @

Assume

z=a%+b? 3
where a, b are non-zero distinct integers.

Using (2) and (3) in (1), we get
X2 +y? = (4+i)(4—i)(a2 +b2)2
Employing the method of factorization, we have
(x+iy)x—iy)=(4+i)4—i)a+ib)(a—ib)
Equating the positive and negative factors, we get
x+iy=(4+i)a+iby @)
x—iy=(4—ifa-iby (5)

Equating the real and imaginary part either in (4) or (5), we
get

x(a,b)=4a* —4b® —2ab

GNO, =2n-1 y(a,b)=a®—b?+8ab ©)
Star number of rank n
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Thus (6) and (3) represents non-zero distinct integral solutions
of (1)

PROPERTIES :
> y(a, a2)+ z(a, az)— 2t,,—8Cp,, =0
> x(a,a+1)+y(a,a+1)+z(a,a+1)-8ty 4 +GNo, +5=0
> 92(a,a)+ x(a, a)is a perfect square.
> x(a, a’ )— y(a, az)— z(a, a’ )— 2, +4t,, +10Cp,, =0

> y(a,a)+z(a,a)-tg, =0

REMARK:
Write 17 as
17 = (1+4i )1 4i) @
where a, b are non-zero distinct integers,
Using (7) and (3) in (1), we get
X2 +y? = (1+4i)1-4i)a +b*f
Employing the method of factorization, we have
(x+iy)Xx—iy)=(L+4i\1—-4iYa+ibf(a—ib)’
Equating the positive and negative factors, we get
x+iy = (L+4i)a+ib) (8)

x—iy=(1-4i)fa+ib) 9)
Equating the real and imaginary part either in (8) or (9), we
get

WWWw.ijeter.everscience.org

P+ay—(4B+a)z=0 }
—ax—ﬁy+(ﬂ—4a)Z:O (12)

Solving (12) by applying the method of cross multiplication,
the corresponding non-zero distinct integral solutions to (1)
are obtained as

X(a, B)=4a® - 4% 203
Y(a, B)=a* - p* +8ap
2(a, p)=-a" - p*

PROPERTIES :
> x(LB)+2(LB)+3t, ,+2pr,—3=0
> xXal)-t,, —pr, +t,, +4=0
> 4y(a,a+1)—x(a,a+1)-34pr, =0
> Ay(e,a-1)-x(a,a-1)-t,, —pr, +t,, =0
> z(ea)+2t,, =0

REMARK:

In addition to (11), (1) may also be expressed in the form of
ratio as
I+y «a

x—4z: _Z 3.0
-y x+4z p

Following the procedure as presented above, the
corresponding non-zero distinct integral solutions to (1) is
given by

X(a, B)=—4a? + 4% + 208

x(a,b)=aZ? —b2 —8ab } 10) y(o, )= a* — p* +8af
pa2 a2
y(a,b)=4a® —4b* +2ab 2, )=+
Thus_(lO) and (3) represents non-zero distinct integral 3.3.PATTERN III
solutions of (1)
3.2 PATTERN Il Introducing the linear transformations
Observe that (1) is written as . ) _X - u TV Y =U-v,z=2w (13)
in (1), it is written as
X +y? =162+ 72
y u? +v? =34w? (14)
x-4z_z1-y _a , B#0 (11)  Assume
Z+y X+4z pB
which is equivalent to the system of double equations
ISSN: 2454-6410 ©EverScience Publications 69



International Journal of Emerging Technologies in Engineering Research (IJETER)

Volume 6, Issue 5, May (2018)

w=c?+d? (15)
34=(3+5i)(3-5i) (16)
Substituting (15) and (16) in (14), we get
(u+iv)u—iv)=(3+5i\3-5iXc+id)’(c—id)’
Equating the positive and negative parts, we get
(u+iv)=(3+5i)c+idy (17)
(u—iv)=(3-5i)c—idy (18)

Equating the real and imaginary parts either in (17) or (18),
we get
u(c,d)=3c?-3d? —10cd
(19)

v(c,d)=5¢c* —5d? +6cd

Substituting (19) and (15) in (14), the corresponding non-zero
integral solution to (1) are given by

x(c,d)=8c? —8d? —6cd
y(c,d)=-2c? +2d* ~16cd
z(c,d)=2c? +2d?
PROPERTIES:
> y(d,d+1)+z(d,d +1)+tig g + prg —tgg +4=0
> x(c1)+y(cl)+z(c1)+13ty . — g —13pr, +4=0
» x(c-Lc)+y(c-1c)-20t,. +8pr, —6=0
> 6z(L1)is a nasty number,
> ylc?.c)+2(c?.c)-4t,, +16Cp,, =0
REMARK:
Write 34 as
34=(5+3i)(5-3i) (20)
Substituting (15) and (20) in (14), we get
(U+iv)u—iv)=(+3i)\5-3iXc+id)(c—id)
Equating the positive and negative parts, we get
(u+iv)=(5+3i)c+idy (21)
(u-iv)=(5-3i)\c—id)’ (22)
Equating the real and imaginary parts either in (21)or (22), we
get
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u(c,d)="5c* -5d* —6cd }
(23)

v(c,d)=3c?-3d? +10cd

Substituting (20) and (23) in (14), the corresponding non-zero
integral solution to (1) are given by

x(c,d)=8c? —8d? —4cd

y(c,d)=2c*—2d? —16cd

z(c,d)=2c? +2d?
3.4.PATTERN IV

Introducing the linear transformations,

X=U+V,y=U-V,Z2=2W (24)

in (1), it is written as
u? —25w” =9w? —v?
(1) can be written in the form of ratio as

u—5w:3w+v:g,ﬂ¢0
3w—-v u+5w g

which is equivalent to the system of double equations

Pu+va+((54-3a)w=0
—au+ A +(38-5aw=0
Solving (26) by applying the method of cross multiplication,
the corresponding non-zero distinct integral solutions to (1)
are obtained by
u(e, p)=8a* —83% —6ap
v(a, B)=2a* -2% +16ap (26)
Wa, B)=2a% -23°

Substituting (26) and (15) in (14), the corresponding non-zero
integral solution to (1) are given by

x(a, B)=8a” —8f3* —4ap
y(a, B)=2a? —28% +16ap3

(e, p)=20* + 23
PROPERTIES:
>  x(@1)+y(e1)-10p, +10=0(mod2)

> x(B+1p)-2(p+1B)+16t, ,—8pr,—6=0

(25)
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> Xa,a)+y(aa)+ e, a)—16t4ﬂ =0

> Xa,a-1)+2(e,a-1)-16pr, +16t,, —6=0
X(a-1La)+yla-1a)-5s, -1)
+(GNO,)-2t,, -9=0

o

3.5:PATTERN V
One may write (1) as

X +y?=1722 %1 (27)
Write 1 as

(4+3i)4-3i)
25

l:
Assume
z=a’+b?
where a, b are non-zero distinct integers
Using (28) and (3) in (27), we get
x> +y% = (4+i)(4—i)(a2 erz)2 w

Employing the method of factorization the above equation is
written as

(x+iyNx—iy)=(4+if4—i)a+ib)’(a—ib) w
Equating the positive and negative factors we get,

x+iy:%(4+i)(4—3i)(a+ib)2 (29)

x—iy:%(4—i)(4—3i)(a—ib)2 (30)

Equating the real and imaginary part either in (29) or (30), we
get

x(a,b)= %(13a2 130 ~32ah)

y(ab)= %(16a2 —16b? — 26ab)

As our interest ison finding integer solutions replacing a
by 5Aand b by 5B, we get
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x(A,B)=13A% —~13B% —32AB
y(A, B)=16A? —16B* + 26 AB (31)
z(A,B)=5A% +5B7
Thus (31) and (3) represents non-zero distinct integral
solutions of (1)
PROPERTIES:

> y(AA)-z(AA)-16t,, =0

y(A+1 A)-x(A+1, A)-12t, , +6t,
—58pr,—3=0

>

> x(A2, A+ z(A>A)-18(t, , F +8t, , +320p,, =0

x(B,B-1)+y(B,B-1)+2(B,B-1)-48pr,
+38t,5; +29=0

> y(Al)+10t, . —26pr, +16=0

REMARK:
Write 1 as
1:(3+4|)(3—4|) 32)
25

Using (32) and (3) in (1), we get
x*+y? =1+ 4i)(1—4i)(a2 +bz)w

Employing the method of factorization the above equation is
written as

x-+iy = (1+4iYa-+ib) (3*;”) (33)
x—iy:(1—4i)(a—ib)z@ (34)

Equating the real and imaginary parts either in (33) or (34),
we get

x(a,b)= %(—13:;12 +13b? ~32ab)
1
y(a,b)= E(_ 26ab)

As our interest ison finding integer solutions replacing a
by 5Aand b by 5B, we get
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x(A,B)=—-13A? +13B* —32AB

y(A,B)=1-26AB

z2(A,B)=5A? + 5B
GENERATION OF SOLUTIONS:

In this section, we obtain general formula for generating
sequences of integer solutions to (1) based on its initial
solution.

Formula: 1
Let (Xq, Yo, Zo )be the initial solution to (1)
Let (x;,y;,2;) be the second solution of (1) where
X =3=Xy, ¥y, =3h—-y,, 2 =2,+h (35)

be the first solution to (1), where h is the non-zero integer to
be determined.

Substituting (35) in (1) and simplifying, we get
h =34z, +6x, + 6y,
Substituting (36 ) in (35), the second solution is obtained as
X, =17x, +18y, +102z,
y, =18xq +17y, +102z2,,
z, =6Xy +6Yyy +352

Expressing the above equations in the matrix form, we have

X, | Xo

Y1 =M Yo

Zl_ Z,
[17 18 102
where M =|18 17 102
|6 6 35

Repeating the above process, the general values of x,y and z
are given by

X, Xy Xo
2

Yo =My [=M7y,

Z, Z Zy

Repeating the above process, the general solution (xn, Vi, zn)
of (1) based on (Xq, Yo, 2o ) is given by

WWWw.ijeter.everscience.org

Xn+1 Xo
yn+l = M i yO
Zn+l Zo
where
Yn +(_l)n Yn _(_1)n
17
2 2 X X
. (=) y, (=)
M= Y é )y . " oy, |
X, X, A Z,
n n
Xn+1 yn +§_1) X0+ yn ( ) yo +17ano
n n
= yn+1 = yn _(_1) XO + yn +(_1) yO +17Xn20
2 2
> 2, =X XX Yo+YaZ, » N=012..

in which (x,,, y,, ) represents the general solution of the pellian
equation y2 =34x2 +1

4. CONCLUSION

In this paper, we have made an attempt to obtain infinitely
many non-zero distinct integer solutions to the equation given
by x2 +y? =17z2. As ternary quadratic equations are rich in

variety, one may search for the other choice of ternary
quadratic diophantine equations and determine their integer
solutions along with suitable properties.
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